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Abstract. Assuming suitable convergence properties for the Gromov-Witten 
potential of a Calabi-Yau manifold X, one may construct a polarized variation 
of Hodge structure over the complexified Kahler cone of X. In this paper we 
show that, in the case of fourfolds, there is a correspondence between "quantum 
potentials" and polarized variations of Hodge structures that degenerate to a 
maximally unipotent boundary point. Under this correspondence, the WDVV 
equations are seen to be equivalent to the Griffiths' trasversality property of a 
variation of Hodge structure. 



1. Introduction 

The Gromov-Witten potential of a Calabi-Yau manifold is a generating function 
for some of its enumerative data. It may be written as Q GW = $ + < £ > ?i, where $o is 
determined by the cup product structure in cohomology. For a quintic hypersurface 
IcP 4 , the quantum potential <j>/i is holomorphic in a neighborhood of € C; the 
coefficients of its expansion 

oo 
d=l 

are the Gromov-Witten invariants (Io,o,d) which encode information about the num- 
ber of rational curves of degree d in X. This potential gives rise to a flat connection 
on the trivial bundle over the punctured disk A* with fiber V = Q) p H p ' p (X). This 
flat bundle is shown to underlie a polarized variation of Hodge structure whose 
degeneration at the origin is, in an appropriate sense, maximal. The Mirror The- 
orem in the context of 0, [17], [13|, fTo| , Theorem 11.1.1] asserts that this is the 



variation of Hodge structure arising from a family of mirror Calabi-Yau threefolds 
and, therefore, that the Gromov-Witten potential may be computed from the pe- 
riod map of this family, written with respect to a canonical coordinate at "infinity" . 
This leads to the effective computation (and prediction) of the number of rational 
curves, of a given degree, in a quintic threefold. 

The Mirror Theorem, in the sense sketched above, has a conjectural generaliza- 



tion for toric Calabi-Yau threefolds [1C, Conjecture 8.6.10] but the situation in the 
higher dimensional case is considerably murkier. Still, one may write a formal po- 
tential in terms of axiomatically defined Gromov-Witten invariants and, assuming 
suitable convergence properties, construct from it an abstract polarized variation of 
Hodge structure. The third derivatives of <fr GW may be used to define a quantum 
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product on H*(X) whose associativity is equivalent to a system of partial differ- 
ential equations satisfied by $ Glv . These are the so-called WDVV equations, after 
E. Witten, R. Dijkgraaf, H. Verlinde, and E. Verlinde. 

The purpose of this paper is to further explore the relationship between quan- 
tum potentials and variations of Hodge structure. The weight-three case has been 



extensively considered in [10, 21]; here we consider the case of structures of weight 
four. 

In §||, after recalling some basic notions of Hodge theory, we describe the be- 
havior of variations at "infinity" in terms of two ingredients: a nilpotent orbit and 
a holomorphic function T with values in a graded nilpotent Lie algebra. Nilpotent 
orbits may be characterized in terms of polarized mixed Hodge structures; in the 
particular case when these split over K, their structure mimics that of the coho- 
mology of a Kahler manifold under multiplication by elements in the Kahler cone. 
For a Calabi-Yau fourfold X, this action — together with the intersection form — 
characterizes the cup product in ® P H P ' P {X). The holomorphic function T, in turn, 
is completely determined by one of its components, relati ve to the Lie alge- 
bra grading. Moreover, it must satisfy the differential equati on ( |2.14 ) involving the 
monodromy of the variation. This is the content of Theorem 2.7 which generalizes a 
result of P. Deligne 1 11, Theorem II] for a case when the variation of Hodge struc- 
ture is also a variation of mixed Hodge structure. Throughout this section, and 
indeed this whole paper, we restrict ourselves to real variations of Hodge structure 
without any reference to integral structures. 

The asymptotic data associated with a variation of Hodge structure depends 
on the choice of local coordinates. In §|| we describe how the nilpotent orbit and 
r behave under a change of coordinates and show that in certain cases there are 
canonical choices of coordinates. This happens, for example, in the cases of interest 
in mirror symmetry and we recover, in this manner, Deligne's Hodge theoretic 
description of these canonical coordinates. 

In §|] we begin our discussion of quantum products by concentrating on their 
"constant" part. We define the notion of polarized, graded Frobenius algebras and 
show that they give rise to nilpotent orbits which are maximally degenerate in an 
appropriate sense. Moreover, in the weight-four case this correspondence may be 
reversed. 

Finally, in we define a notion of quantum potentials in polarized, graded 
Frobenius algebras of weight four that abstracts the main properties of t he G romov- 



Witten potential for Calabi-Yau fourfolds. Following the arguments of [10, §8.5.4] 
we construct a variation of Hodge structure associated with such a potential and 
explicitly describe its asymptotic data. We show, in particular, that the function Y 
is completely determined by the potential in a manner that transforms t he W DVV 
equations into the horizontality equation ( [2.14 ). This is done in Theorem 5^3 which 
establishes an equivalence between such potentials and variations with certain pre- 
scribed limiting behavior. For the case of weight three a similar theorem is due to 
G. Pcarlstcin [fl], Theorem 7.20]. 

A distinguishing property of the weight 3 and 4 cases is that the quantum 
product on the (p, p)-cohomology is determined by the -ff^-module structure. In 



the case of constant products, this statement is the content of Proposition 4.4 



For general weights the PVHS on the complexified Kahler cone determines only 
the structure of the (p, p)-cohomology as a Symiif ^-module, relative to the small 
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quantum product. At the abstract level, one can prove that there is a correspon- 
dence between germs of PVHS of weight k at a maximally unipotent boundary 
point whose limiting mixed Hodge structure is Hodge- Tate and flat, real families of 
polarized graded Frobenius SymiJ 1:1 -modules over ®p = qH p ' p . Details will appear 
elsewhere. 

Barannikov and Q) has shown that for projective complete intersec- 

tions, the PVHS constructed from the Gromov-Witten potential is of geometric 
origin and coincides with the variation arising from the mirror family. He has 
introduced, moreover, the notion of semi-infinite variations of Hodge structure. 
These more general variations are shown to correspond to solutions of the WDVV 
equations. 

Acknowledgments: We are very grateful to Emma Previato for organizing the 
Special Session on Enumerative Geometry in Physics at the Regional AMS meeting 
of April 2000 in Lowell, Massachusetts and for putting together this volume. We also 
wish to thank David Cox for very helpful conversations and to Serguei Barannikov 
for his useful comments. 



2. Variations at Infinity 

We begin by reviewing some basic results about the asymptotic behavior of 
variations of Hodge structure. We refer to 14, 15, 22 for details and proofs. 



Let M be a connected complex manifold, a (real) variation of Hodge structure 
(VHS) V over M consists of a holomorphic vector bundle V — > M, endowed with a 
flat connection V, a flat real form Vr, and a finite decreasing filtration T of V by 
holomorphic subbundles — the Hodge filtration — satisfying 

(2.1) VT P C fllf^TP- 1 (Griffiths' horizontality) and 

(2.2) V = T p ®T k ~ P+1 

for some integer k — the weight of the variation — and where T denotes conjugation 
relative to Vr. As a C°°-bundle, V may then be written as a direct sum 

(2.3) V = V™ , V p '« = 3* n y q ; 

p+q=k 

the integers h p,q = dim V p ' q are the Hodge numbers. A polarization of the VHS is 
a flat non-degenerate bilinear form S on V, defined over K, of parity (— 1) , whose 
associated flat Hermitian form S h ( . , . ) = i~ k S( . , 7) is such that the decomposi- 



tion (2J3) is ^''-orthogonal and (— l) p S h is positive definite on V p ' k p . 



Specialization to a fiber defines the notion of polarized Hodge structure on a 



C- vector space V. We will denote by D [14] the classifying space of all polarized 



Hodge structures of given weight and Hodge numbers on a fixed vector space V, 
endowed with a fixed real structure Vr and the polarizing form S. Its Zariski 
closure D in the appropriate variety of flags consists of all nitrations F in V, with 
dim F p = J2 r >p h r ' k - r , satisfying S{F p ,F k - p+1 ) = 0. The complex Lie group 
Gc = Aut(V, S) acts transitively on D — therefore D is smooth — and the group 
of real points Gr has D as an open dense orbit. We denote by g C gl(V), the Lie 
algebra of Gc, and by gu C g that of Gr. The choice of a base point F £ D defines 
a filtration in q 

F a Q = {Teg : T F p C F p+a } . 
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The Lie algebra of the isotropy subgroup B C Gc at F is F°g and F~ 1 q/F°q is 
an Ad(i?)-invariant subspace of $/F°g. The corresponding Gc-invariant subbundle 
of the holomorphic tangent bundle of D is the horizontal tangent bundle. A 
polarized VHS over a manifold M determines — via parallel translation to a typical 
fiber V — a holomorphic map M — > D/Y where Y is the monodromy group 
(Griffiths' period map). By definition, it has horizontal local liftings into D, i.e., 
its differentials take values on the horizontal tangent bundle. 

Example 2.1. Let X be an n-dimensional, smooth projective variety, ui £ 
H 1 ' (X) a Kahler class. For any k = 0, . . . , 2n, the Hodge decomposition (sec |16|) 

H k {X,C) = H p ' q (X); 7I^ = H q ' p 

p+q=k 

determines a Hodge structure of weight k by 

Its restriction to the primitive cohomology 

H$- l (X, C) := {a £ H n -\X, C) : cc/ +1 U a = 0} , £ > 0, 

is polarized by the form Qf(a,/3) = Q(«,/9Uw'), a, (3 6 -ffo~ (-^"jC), and where Q 
denotes the signed intersection form given, for a £ H k (X, C), a' £ H k (X, C) by: 

(2.4) Q(a,a') := (-i) fe ( fc -i)/ 2 f a Ua'. 

J x 

A family X — > M of smooth projective varieties gives rise to a polarized variation 
of Hodge structure V — > M, where V m = H^(X m , C), m 6 A/. 

Our main concern is the asymptotic behavior of $ near the boundary of M, 
with respect to some compactification M where M — M is a divisor with normal 
crossings (the divisor at "infinity"). Such compactifications exist, for instance, if 
M is quasiprojective. Near a boundary point p £ M — M we can choose an open 
set W such that W D M ~ (A*) r x A™ 1 and then consider the local period map 

(2.5) $ : (A*) r x A m — D/Y. 

We shall also denote by <& its lifting to the universal covering U r x A™, where U 
denotes the upper- half plane. We denote by z = (zj), t = (t{) and s = (sj) the 
coordinates on U r , A m and (A*) r respectively. By definition, we have Sj = e 27rlZj . 



According to Schmid's Nilpotent Orbit Theorem |22| , the singularities of $ at 
the origin are, at worst, logarithmic; this is essentially equivalent to the regularity 
of the connection V. More precisely, assuming quasi-unipotency — this is automatic 
in the geometric case — and after passing, if necessary, to a finite cover of (A*) r , 
there exist commuting nilpotent elements^] Nx,...,N r £ R , with N k+1 = and 
such that 

(2.6) $( S , t) = exp \J2 J •*(«,<), 



2tt« 

vJ=l 



where ^ : A r+m — *• D is holomorphic. 



x Our sign convention is consistent with [ ill] , |22| but opposite to that in |lp| , |20| . 
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We will refer to N±, . . . , N r as the local monodromy logarithms and to Fq := 
^(0) as the limiting Hodge filtration. They combine to define a nilpotent orbit 
{Nu-.^NriFo}. We recall: 

Definition 2.2. With notation as above, {Ni, . . . , N r ;F } is called a nilpotent 
orbit if the map 

r 

0{z)=expQ2z j N j )-F o 
i=i 

is horizontal and there exists a £ M such that 9(z) £ D for lm(zj) > a. 



Theorem 2.3 below gives an algebraic characterization of nilpotent orbits which 
will play a central role in the sequel. 

We point out that the local monodromy is topological in nature, while the 
limiting Hodge filtration depends on the choice of coordinates Sj. To see this, we 
consider, for simplicity, the case m = 0. A change of coordinates compatible with 
the divisor structure must be. after relabeling if necessary, of the form (s[, . . . , s' r ) — 
(si/i(s), . . . , Srf r(s) ) where fj are holomorphic around £ A r and /j(0) ^ 0. We 
then have from ( |2.6| ), 

*V) = exp(--i 7 5>g(4)iV J -) • <&(*') 

Z7TI * — ' J 

(2.7) = ex P(-^- E tostfiWj) ex P("^- E log( S] )N 3 ) • $(s) 



ex P(-^I>g(/;)^) •*(*). 



2tt« 

and, letting s — > 

(2.8) Fq = cxp(-^r E log^O))^-) • F . 

i 

These constructions may also be understood in terms of Deligne's canonical 
extension [12|. Let V — > (A*) r x A™ be the local system underlying a polarized 

(so,to) ' 



VHS and pick a base point (so,to)- Given w e := V( SOi t ), let v b denote the 
multivalued flat section of V defined by v. Then 

(2.9) v(s,t) := exp^^Nj) -v\ S ,t) 

is a global section of V. The canonical extension V — > A r+m is characterized by its 



being trivialized by sections of the form (2.£). The Nilpotent Orbit Theorem then 



implies that the Hodge bundles T v extend to holomorphic subbundles T V C V. 



Writing the Hodge bundles in terms of a basis of sections of the form ( |2.9| ) yields 
the holomorphic map 'J. Its constant part — corresponding to the nilpotent orbit — 
defines a polarized VHS as well. 

A nilpotent linear transformation N £ gl(Vg) defines an increasing filtration, 
the weight filtration, W(N) of V, defined over R and uniquely characterized by 
requiring that N(W t (N)) C Wi- 2 {N) and that N l : Gr™ (N) -> Gr^ (A,) be an iso- 
morphism. It follows from [Q, Theorem 3.3] that if N±, . . . , N r are local monodromy 
logarithms arising from a polarized VHS then the weight filtration WQ^XjNj), 
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Xj G K>o, is independent of the choice of Ai, . . . , A r and, therefore, is associated 
with the positive real cone C C gi spanned by Nx, . . . , N r . 

A mixed Hodge Structure (MHS) on V consists of a pair of nitrations of V, 
(W, F), W defined over M and increasing, F decreasing, such that F induces a 
Hodge structure of weight k on Gr|^ for each k. Equivalently, a MHS on V is a 
bigrading 

V = 0F" 9 

satisfying I p ' q = Wp mod {® a < P ,b< q I a,b ) (sec [g, Theorem 2.13]). Given such a 
bigrading we define: Wi = ® p+q <tl p > 9 , F a = ® p > a I p ' q . A MHS is said to split over 
R if T p q = I q ' p ; in that case the subspaces Vi = ® p + q= il p ' q define a real grading of 
W. A map T G Ql(V) such that T(I p ' q ) C I p + a ' q + b is called a morphism of bidegree 
(a,b). 

A polarized MHS (PMHS) g, (2.4)] of weight k on V R consists of a MHS (W, F) 
on V, a (—1, —1) morphism N G 0r, and a nondegenerate bilinear form Q such that 

1. 7V fc+1 = o, 

2. W = W(N)[-k], where W[-k] = Wj- k , 

3. Q(F a ,F fc - a+1 ) = and, 

4. the Hodge structure of weight k + I induced by F on ker(iV~' +1 : GrK_ ; — ► 
Gr£V 2 ) is polarized by Q(;N 1 -). 

Theorem 2.3. Given a nilpotent orbit 9{z) = exp(^^ =1 ZjNj) ■ F , the pair 
(W(C),F) defines a MHS polarized by every N G C. Conversely, given commuting 
nilpotent elements {Ni, . . . , N r } G Qr with the property that the weight filtration 
W(^2\jNj), Xj G M>o, is independent of the choice of Ai, . . . , X r , if F G D is 
such that (W(C),F) is polarized by every element N G C, then the map 0{z) — 
ex P(X^=i z jNj) ■ F is a nilpotent orbit. Moreover, if(W(C),F) splits overW, then 
6{z) G D for lm{zj) > 0. 



The first part of Theorem |2.3| was proved by Schmid [22, Theorem 6.16] as a 
consequence of his S^-orbit theorem. The converse is Proposition 4.66 in The 
final assertion is a consequence of Q Proposition 2.18]. 

Example 2.4. Let X be an n-dimensional, smooth projective variety. Let 
V = H*(X,C), Vr = H*(X,R). The bigrading I™ := H n ~ p ' n - q (X) defines a 
MHS on V which splits over R. The weight and Hodge filtrations are then 

Wi = H d (X,C), F p = H r ' s (X). 

d>2n—l s r<n—p 

Given a Kiihler class w G H^^M.) := H 1 ' 1 (X) n iJ 2 (AT,R), let L w G g[(Vk) 
denote multiplication by ui. Note that L w is an infinitesimal automorphism of the 



form (2.4) and is a (—1,-1) morphism of (W,F). Moreover, the Hard Lefschetz 
Theorem and the Riemann bilinear relations are equivalent to the assertion that 
L w polarizes (W,F). Let K, C H 1 ' 1 ^,^ denote the Kahler cone and 

Kc ■= i? M (A,R) QiK C H 2 (X,C) 



the complexified Kahler cone. It then follows from Theorem 2.3 that for every 
£ G /Cc, the filtration exp(L^) • F is a Hodge structure of weight n on V polarized 
by Q. The map £ G JCc i— » exp(L^) • F is the period map (in fact, the nilpotent 
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orbit) of a variation of Hodge structure over fCc- Note that we can restrict the above 
construction to V = ® p H p ' p (X); this is the case of interest in mirror symmetry. 

Remark 2.5. The notion of nilpotent orbit is closely related to that of Lef- 
schctz modules introduced by Looijenga and Lunts [18]. Indeed, it follows from 
|18| , Proposition 1.6] that if (W, F) is a MHS, polarized by every N in a cone C, 
and A denotes the linear span of C in 0r, then V is a Lefschetz module of A. 



Let now $ be as in (2.5), {N\, . . . ,N r ;Fo} the associated nilpotent orbit and 
(W(C), Fq) the limiting mixed Hodge structure. The bigrading I*>* of V defined by 
(W(C), Fq) defines a bigrading I*'*g of the Lie algebra g associated with the MHS 
(W(C) S ,F oQ ). Set 

(2.10) p a := 0/ a < 9 £) and _ := J>„. 

q a< — 1 

The nilpotent subalgebra g_ is a complement of the stabilizer subalgebra at Fq. 
Hence X exp(X) ■ Fq) pr ovid es a local model for the Gc-homogeneous space 
D near F and we can rewrite (2J3) as: 

(2.11) $(M) = exp^^iV.j expr( S ,t)-F , 

where T: A r+m -> g_ is holomorphic and T(0) = 0. The lifting of $ to U r x A m 
may then be expressed as: 

$(z,t) = expX(z,t) ■ F Q 

with X : U r x A m — > g_ holomorphic. Setting E(z,t) := expX(z,t), the horizon- 
tality of $ is then expressed by: 

(2.12) E- 1 dE = dX_ 1 ep- 1 ®T*(U r xA m ). 

The following explicit description of period mappings near infinity is proved in 
Theorem 2.8]. 

Theorem 2.6. Let {Ni, . . . , N r ; F } be a nilpotent orbit and T : A r xA m — > g_ 
be holomorphic, such that T(0, 0) = 0. If the map 

(2.13) $(z, t) = exp(J2 zjNj) exp(T(s, t)) ■ F 



is horizontal (i.e., [2.1k) is satisfied), then <5>(z,t) is a period mapping. 



Given a period mapping as in (2.13), let r_i(s,£) denote the p_i-component 
ofT. Then, 

r 

X_i(>, t) = ^ z o N J + r -i( s > *) . with s i = e 2 *™ 3 > 



and it follows from (2.12) that 

(2.14) dX_iAdX_ 1= 

The following theorem shows that this equation characterizes period mappings with 
a given nilpotent orbit. 
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Theorem 2.7. Let R : A r x A" 1 — > p_i be a holomorphic map with R(Q) = 0. 
Let X-\{z, t) — y^j—i zjNj + R(s, t), Sj — e 2mZj , and suppose that the differential 
equation Qft.ljQ holds. Then, there exists a unique period mapping (2.11) defined 
in a neighborhood of the origin in A r+m and such that Y-\ = R. 

Proof. To prove uniqueness, we begin by observing that if $ and <£>' are 
period mappings with the same associated nilpotent orbit and r_i(s,<) = T'_ 1 (s,t) 
then, for any v S F p , we may consider the sections v{s,t) = E(s,t) ■ v (s,t) and 
v'(s, t) = E'(s, t) ■ v b (s, t) of the canonical extension V. Clearly, u(s, t) e t -> and 
v'(s,t) s J-' p ^ s t y On the other hand, since r_i(s,t) = T'_ 1 (s,t), it follows that 
E_x(s,t) — B^_i(s,t) and, consequently, v(s,t) — i/'(s,t) is a V-flat section which 
extends to the origin and takes the value zero there. Hence, v{s,t) — v'(s,t) is 
identically zero and .F? ^ = (JF', a t y) v for all values of (s,t). 

To complete the proof of the Theorem it remains to show the existence of a 
period mapping with given nilpotent orbit and r_i(s , t) = R(s,t). This amounts 
to finding a solution to the differential equation (2.12) with 



X-x(z, t) = ZjNj + R{s, t) , with Sj 



2lTiZj 



3 = 1 



assuming that the integrability cond ition ( [2.14 ) is satisfied. Set G(s, t) = exp T(s, t) 
and 9 = d(Ei=i z j N j)- Then (HI) 

may be rewritten as 

(2.15) dG = [G, 6] + GdG-i with G(0, 0) = I, 

where I denotes the identity, while the condition ( |2.14| ) takes the form: 

(2.16) dG-! A 6 + 9 A dG- X + dG- X A dG-i = 0. 



By considering the p_;-graded components of ( 2.15 ) we obtain a sequence of 
equations: 

(2.17) dG_, = [G_i+i,e]+G_i + idG_ 1) G_j(0,0)=0, I > 2. 

Assume inductively that, for / > 2, we have constructed G_;+i satisfying ( [2.17 ) 
and such that 

dG-i+i A 9 + 6 A dG- l+1 + dG- l+1 A dG-i = 0. 
Then, the initial value problem 

dG-t = [G_, +1 ,e] + G_ I+ idG_i, G_ ; (0,0) = 0, 

has a solution which verifies 

dG-i A 8 + 6 A dG-i + dG-i A dG-i = 

= [G-i+i, 6] A 6 + G_ (+ idG_i A 9 + 6 A [G-i+i, 6] + 6 A G_ (+ idG_i + 

+ [G- i+1 , 6] A dG-! + G-i+idG-i A dG_i 
= -6 A G_ ;+ i6 + G_;+idG_i A 9 + 6 A G-i+iQ + 9 A G_ i+ idG_i + 

+ G-i+iQ A dG-i + G-i+idG-i A dG-i - 6 A G-i +1 dG- X 
= G-i +l {dG-i A 6 + 9 A dG-! + dG-! A dG_ x ) = 0. 
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Thus we may, inductively, construct a solution of (2.16). Theorem 2.6 now implies 
that the map 

r 

$(z, t) = exp(^ ZjNj) G{s, t) ■ F 
i=i 

is the desired period map. □ 



Remark 2.8. The uniqueness part of the argument is contained in Lemmas 2.8 
and 2.9 of |Q, while the existence proof is contained in the unpublished manuscript 
|^| . A particular case of Theorem 2.7 is given in |ll| , Theorem 11]; a generalization 



to the case of variations of MHS appears in [21 



3. Canonical Coordinates 

The asymptotic data of a polarized variation of Hodge structure over an open 
set W ~ (A*)'' x A m depends on the choice of coordinates on the base. We 
have already observed that the local monodromy logarithms Nj are independent 
of coordinates and have shown in (2.£) how the limiting Hodge filtration changes 
under a coordinate transformation. Here we will discuss the dependence of the 
holomorphic function T : (A*) r x A™ 1 — > p_i and show that, in special cases, there 
is a natural choice of coordinates. This choice will be seen to agree with that 
appearing in the mirror symmetry setup and which has already been given a Hodge- 
theoretic interpretation by Dcligne [11]. These canonical coordinates may also be 



interpreted, in the case of families of Calabi-Yau threefolds as the coordinates where 



the Picard-Fuchs equations take on a certain particularly simple form (|10, Prop. 
5.6.1]). To simplify the discussion we will restrict our discussion to the case m = 0. 
The general case, which follows easily, will not be needed in the sequel. 

Since we are required to preserve the divisor structure at the boundary, we 
want to study the behavior of the asymptotic data under coordinate changes of the 
form 



(3.1) 



s jfj( s ) 



where the functions fj are holomorphic in a neighborhood of € A r and fj(0) ^ 0. 
Given a PVHS over (A*) r and a choice of local coordinates (si, . . . , s r ) around 



0, we write the associated period map as in (2.11): 

log s 



exp 



2?ri 



JV.,-)exp(r( S ))-Fo 



Given another system of coordinates s' = (s[, . . . ,s' r ) as in Q, let Fq and V 
denote the corresponding asymptotic data. By Q2.S|), Fq = M ■ F , where 



M 



ex p(-^-E lo g^(°)^)- 



.7=1 



(3.2) 



Proposition 3.1. Under a coordinate change as in l{3.1\ ) 



M- L exp(r(s'))M = exp 



("^g l0S 



fM 



Nj exp(r( s )). 
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PROOF. Let W denote the nitration W(N)[— k], where N is an arbitrary el- 
ement in the cone C positively spanned by N\, . . . ,N r , Note that M. leaves W 
invariant. Moreover, since the monodromy logarithms are (— 1, — l)-morphisms of 
the mixed Hodge structure (W, F ) it follows easily that 

I a ' b (W,F^ = M-I a ' b {W,F ), 

where I*'*(W, Fq) denotes the canonical bigrading of the MHS. This implies that 
the associated bigra ding of the Lie algebra g and, in particular, that the subalgebra 



Q- defined in (2.1C) are independent of the choice of coordinates. 



According to (|/7|), *'(s') = exp £\ log /j (s)JVj- J • *(s), therefore 
(3.3) expos') -M^o = exp(^^logfj(s)Nj\ expT(s) • F . 



This identity, in turn, implies (3.2) since the group elements in both sides of ( |3.3| 



lie in exp(g_). □ 



Corollary 3.2. With the same notation of Proposition 3.1, 
(3.4) M-V_ X M = -^L^log||iV, + r_, 

Proof. This follows considering the p_i-component in (|]^), given the obser- 
vation that this subspace is invariant under coordinate changes. □ 



Up to rescaling, we may assume that our coordinate change (3.1) satisfies 
fj(0) = 1, j = 1 . . . , r. Such changes will be called simple. In this case M. = I, 
Fq = Fq, and the transformation ( |3.4| ) is just a translation in the direction of the 
nilpotent elements Nj . Thus, whenever the subspace spanned by Ni , . . . , N r has 
a natural complement in tp_i we will be able to choose coordinates, unique up to 
scaling, such that r_i takes values in that complement. This is the situation in the 
variations of Hodge structure studied in mirror symmetry. In this context, one an- 
alyzes the behavior of PVHS near some special boundary points. They come under 



the name of "large radius limit points" (see [10, §6.2.1]) or "maximally unipotent 



boundary points" (see [10, §5.2]). For our purposes, we have 

Definition 3.3. Given a PVHS of weight k over (A*) r whose monodromy is 
unipotent, we say that £ A r is a maximally unipotent boundary point if 

1. dim/ fc - fc = 1, dim7 fe_1,fc_1 = r and dim/ fe ' fe ~ 1 = dim/ fe ~ 2 ' fe = 0, where I a ' b 
is the bigrading associated to the limiting MHS and, 

2. Span c (iVi(/ fe ' fc ), . . . ,N r (I k > k )) — j*-'- 1 ^-^ where Nj are the monodromy 
logarithms of the variation. 

Under these conditions, we may identify Span c (7Vi, . . . , N r ) = Hom(7 ,1 , J 0,0 ). 
Hence, denoting by p: p_i — > Hom(7 1,1 , 1 ) the restriction map, the subspace 
K = ker(p) is a canonical complement of Span c (7Vi, . . . , N r ) in p_i. 

Note that both, the notion of maximally unipotent boundary point and the 
complement K are independent of the choice of basis. 

Definition 3.4. Let V — > (A*)'' be a PVHS having the origin as a maximally 
unipotent boundary point. A system of local coordinates (qi, . . . , q r ) is called canon- 
ical if the associated holomorphic function r_i takes values in K. 
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Proposition 3.5. Let V — > (A*) r be a PVHS having the origin as a maximally 
unipotent boundary point. Then there exists, up to scaling, a unique system of 
canonical coordinates. 



Proof. Let s = (si, 
We can write 



, s r ) be an arbitrary system of coordinates around 0. 



p(T(s)) = J2^( s ) N h 



where jj(s) are holomo rphi c in a neighborhood of G A r and 7j(0) = 0. The 
transformation formula (3.4) now implies that the coordinate system 



(3.5) qj :— Sj exp(27r«7j(s)) 

is canonical. Moreover, that same formula shows that it is unique up to scaling. 



□ 



In [11], Deligne observed that a variation of Hodge structure whose limiting 
MHS is of Hodge- Tate type defines, together with the monodromy weight filtration, 
a variation of mixed Hodge structure. In this context, the holomorphic functions 
qj(s) defined by (3.5) constitute part of the extension data of this family of mixed 
Hodge structures. He shows, moreover, that they agree with the special coordinates 
studied in [H, [20|, and [19] for families of Calabi-Yau manifolds in the vicinity of 



a maximally unipotent boundary point. We sketch this argument for the sake of 
completeness. 

Given a coordinate system s = (s%, . . . , s r ), let (W, F ) be the limiting MHS of 
weight k and choose e° e I ' . Let e k £ I k > k be such that Q(e°, e k ) — (-l) fc - Since 
the origin is a maximally unipotent boundary point, there exists a basis e\, . . . , e^. of 
I 1 ' 1 such that Nj(ej) = 6jie°. We can define a (multi-valued) holomorphic section 
of T k by 



u(s) := exp( 



logs, 
2iri 



Nj)eMm) 



In the geometric setting of a family of varieties X s the coefficients 

h (s) := -Q(e°,uj(s)) and hj(s) := Q(e],w(s)) 

may be interpreted as integrals J u(s) over appropriate cycles a G Hk(X S(] ) on the 
typical fiber. Clearly, our assumptions imply that ho(s) = (— l) fc+1 and 



hj{s) = Q(ej,( 

log Sj 



^ 2m 



■N l+ T^(s))-e k ) 



2ni 



Q(e ,e fc )-Q(r_ 1 ( s ).ei,e fc ) 



- J2 B^ 
= (-d' + '(^+ 

2m 

Therefore, qj(s) = exp(27ri/ij(s)//io(i)), which agrees with Morrison's geometric 
description of the canonical coordinates in 



-Q(E^( s )^ e )' efc ) 

I 

7i(*)). 

ag 
2]- 



19 
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4. Graded Frobenius Algebras and Potentials 

In this section we will abstract the basic properties of the cup product in the 
cohomology subalgebra (B p H p ' p (X) for a smooth projective variety X and show 
that this product structure may be encoded in a single homogeneous polynomial of 
degree 3. 

We recall that (V, *, e , B) is called a Frobenius algebra if (V", *) is an associative, 
commutative C-algebra with unit eo, and B is a nondegenerate symmetric bilinear 
form such that B(v\ * v 2 ,v 3 ) = B{vi,v 2 * v 3 ). The algebra is said to be real if V 
has a real structure Vr, e £ Vr and both * and B are defined over R. Throughout 
this paper we will be interested in graded, real Frobenius algebras of weight k. By 
this we mean that V has an even grading 

k 

V = 0vv 

defined over R, and such that: 

1. V S C, 

2. (V, *) is a graded algebra, 

3. B(V 2p , V 2q ) = if P + q^ k. 

The product structure on a Frobenius algebra (V,*,eo,B) may be encoded in 
the trilinear function (f>Q : V x V x V —> C 

4>o(vi,V2,v 3 ) := B(e ,v 1 *v 2 *v 3 ), 

or, after choosing a graded basis {eo, . . . , e m } of V, in the associated cubic form: 

1 - 1 m 

(4.1) (f> (z 0) . . . , z m ) := -^0(7,7,7) = -B(e ,7 3 ), 7 = ^z a e a . 

Let {ef := J2b hbaSb} denote the B-dual basis of {e a }. 



Theorem 4.1. The cubic form cf>o defined by M-A ) * s (weighted) homogeneous 
of degree k with respect to the grading defined by degz a = dege a , and satisfies the 
algebraic relation: 

(4 2) V h 9 ^° = V— h d3(/) ° 

~ dz a dz b dz d dzjdzedzg 'j-j dz b dz c dz d dz a dz f dz g ' 

The product * and the bilinear form B may be expressed in terms of tfo by 



(4.3) B(e a ,e b ) 



dz dz a dz b 



(4-4) e a *e b = E TT^V"" 

^— ' oz a az b oz 



Conversely, let V be an evenly graded vector space, Vq = C, {eo, ... ,e m } a 
graded basis of V , and </)q £ C[zq, . . . , z m ] a cubic form, homogeneous of degree k 
relative to the grading degz a = dege a; satisfying ((.i). Then, if the bilinear sym- 
metric form defined by fy.dj) is non-degenerate, the product (4-4 ) turns (V, *, eo, B) 
into a graded Frobenius algebra of weight k. 
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Proof. We note, first of all, that the quasi-homogeneity of 4>q follows from 



the assumption that * is a graded product. Moreover, (4.3) is a consequence of the 



fact that eo is the unit for *, while (4.2) is the associativity condition for *. On the 
other hand, ( |4.l| ) and the fact that (V, *,eo,B) is Frobenius imply that 



dz a dzbdz c 



B(e ,e a *e b *e c ) = B(e a *e bl e c ) 



and (4.4) follows. 



The converse is immediate since (4.4) defines a commutative structure whose 



associativity follows from ( |4.2| ); the quasi-h omo geneity assumption implies that the 



product is graded; eo is the unit because of (4.3). The compatibility between B and 

dz a dzbdz c 



* comes from B(e a * e b , e c ) = » d 8 f" = B(e ai e b * e c ). □ 



Example 4.2. Let (V,*,eo,B) be a graded real Frobenius algebra of weight 
four. Setting dimV2 = r and dimV4 = s, we have dimV^ = 2r + s + 2 := m + 1. 
We choose a basis {To, . . . , T m } of V as follows: T = e <G Vb is the multiplicative 
unit, {Ti, . . . , T r } is a real basis of V%, {T r +±, . . . , T r+S } is a basis of V4 such that 
B(T r+a ,T r+b ) = 5 a>b . Finally, {T r+s+ i, . . . , T m _x} and T m are chosen as the B- 
duals of {Ti, . . . ,T r } and To in V§ and Vs, respectively. We will say that such a 
basis is adapted to the g rade d Frobenius structure. 



It now follows from (4.1), that with respect to such a basis, the polynomial 4>q 
is given by 

(4.5) 

1 r I s I s 

M z ) = 2 Z Z ™ + Z Z i Z r+*+j + 2 Z ° Z r+" + O 51 2 r+a^ a (^l, ■ ■ ■ , ^r), 
j — 1 a—1 a—1 

where P a (zi, . . . , z r ) = k=i Pjk z j z k are homogeneous polynomials of degree 2 
determined by: 

(4.6) Pj k = B(T r+a , Tj *T k ), 

Specializing to the case when V — ®p =0 H p - p (X) for a smooth, projective four- 
fold X, endowed with the cup product and the intersection form 



B(a,/3) := / aU/3, 
Jx 

we obtain 

0o UP (wi, w 2 , uj 3 ) = / uj 1 LIuj 2 Ulj 3 . 
Jx 

In order to complete the analogy with the structure deduced from the cup 
product on the cohomology of a smooth projective variety we need to require that 
the Lefschetz Theorems be satisfied. Given 10 G Vj, let L w : V — > V, denote the 
multiplication operator L w (v) — w * v. The fact that * is associative and commu- 
tative implies that the operators L w , w S V2, commute, while the assumption that 
* is graded implies that L w is nilpotent and = 0. Given a basis wi, . . . ,w r 

of V2, we can view V as a module over the polynomial ring il := C[L Wl , . . . , L Wr ]. 
Clearly, if V = it-eo, then the product structure * may be deduced from the action 
of 11. This conclusion is also true for k = 3 or k = 4 without further conditions, as 
can be checked explicitly. 
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If V underlies a real, graded Frobenius algebra of weight k, we can define on V a 
mixed Hodge structure of Hodge- Tate type by I p,q — if p ^ q, and I p,p = VW-p)- 
If we set 

(4.7) Q(v a ,v b ) = {-l) a B{v a , v b ) if v a G V 2a , 

then Q has parity (— l) fc and for w G V% fl Vr, the operator is an infinitesimal 
automorphism of Q and a (— 1, —1) morphism of the MHS. We also observe, that in 
the geometric case — such as in Example [4.2| — this construction agrees with that 



in Example 2.4 



Definition 4.3. An element w G Vi n Vr is said to polarize (V,*,e ,B) if 
(I* * ,Q, L w ) is a polarized MHS. A real, graded Frobenius algebra is said to be 
polarized if it contains a polarizing element. In this case, the cubic form 4>q is 
called a classical potential. 

By Theorem [2.3] , a polarizing element w determines a one dimensional nilpotent 
orbit (W(L W ),F), where Wi(L w ) = ©2j>2fe-/^2j is the weight filtration of L w and 
F p = ®j<k- P V 2j . 

Given a polarizing element w, the set of polarizing elements is an open cone in 
V% H Vr. Then, it is possible to choose a basis w\, . . . ,w r of Va H Vr spanning a 
simplicial cone C contained in the closure of the polarizing cone and with w G C. 
Such a choice of a basis of V 2 will be called a framing of the polarized Frobenius 
algebra. 

Since the weight filtr ation is constant over all the elements L w for w G C, it 
follows from Theorem [2.3| that (W(C), F*) is a nilpotent orbit. Hence, we can define 
a polarized VHS on (A*) r whose period mapping is given by 

r 

(4.8) % x , ...,q r ) = eMj2 Z M ■ F 5 * = e2 " Zj ' 

Note t hat the origin is a maximally unipotent boundary point in the sense of Defi- 
nition 



3.3 



We conclude this section showing that in the weight-four case, maximally unipo- 
tent, Hodge- Tate, nilpotent orbits yield graded Frobenius algebras. In the weight- 



three case this is done in [ 11 , Example 14] 



Proposition 4.4. Let (N\, . . . ,N r ;F) be a weight-four nilpotent orbit, polar- 
ized by Q, whose limiting MHS is Hodge-Tate. Suppose that dim/ 4,4 = 1 and choose 
a non-zero element eo G I 4 ' 4 fl Vr; let eg G I 0,0 n Vr be such that Q(eo,eQ) = 1. 
Assume, moreover, that {A^i(eo), . . . ,N r (eo)} are a basis of I 3,3 . Let B be obtained 



from Q as in (4.7). Then, there exists a unique product * on V with unit eo such 
that 

(4.9) Njieo) * v := Nj(v) , for v G V, j = 1, . . . , r 

(4.10) vi*v 2 := B(vi,v 2 )e* ,forvi,v 2 eL 2 ' 2 

Furthermore, (V, *, &q,B) is a graded, polarized, real Frobenius algebra. 



Proof. It is clear that (4.9) and (4.10) define a graded product whose unit is 



eo- Commutativity follows immediately from the symmetry of Q and the commu- 
tativity of the operators Nj . 
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There are two non-trivial cases to check in order to prove the associativity 
of the product. When all three factors lie in I 3 ' 3 this follows, again, from the 
commutativity of the operators Nj. On the other hand, given v G I 2,2 : 

{N 3 {e )*N k {eo))*v = B(JVj(e ) * N k (e ), v) e* = B(N 3 (N k (e )), v) e* 

= B(N k (Nj(e )),v)e* = B(e a , N 3 (N k (v))) e* 

= B(e ,N j {e )*(N k (e )*v))e* 

= Njieo) * (JV fc (eo) *«). 

Thus, (V, *, eo) is a graded, commutative, associative algebra with unit eo- It is 
straightforward to check that B is compatible with the product. □ 

5. Quantum Products 

By a quantum product we will mean a suitable deformation of the (constant) 
product on a graded, polarized, real Frobenius algebra. The weight-three case 
has been extensively studied in the context of mirror symmetry for Calabi-Yau 
threefolds ([10, Chapter 8], [21]). Here we will restrict our attention to the k = 4 
case. In order to motivate our definitions, we recall the construction of the Gromov- 
Witten potential in the case of Calabi-Yau fourfolds; we refer to 10 , Ch. 7 and 8] 
for proofs and details. 



As in Example 4.2, let X be a Calabi-Yau fourfold, and consider the graded, 
polarized real Frobenius algebra V = (Bp =0 H p - p (X) , endowed with the cup product 
and the intersection form B. We choose a basis {To, . . . ,T m } as in the example 
with the added assumption that {Ti, . . . ,T r } be a Z-basis of _ff 1,1 (X, Z) lying in 
the closure of the Kahler cone. 

8.2], we define the Gromov-Witten potential as 



Following 
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(5-1) <P(z) = t GW (z) = Y, E ^<W(7*V 

n 0eH 2 (X,Z) 

where 7 = Sj=o z i^i an< ^ (Io,n,p) 1S the Gromov-Witten invariant |l^, (7.11)]. The 
term q@ may be interpreted as a formal power or, given a class u> in the complexified 



Kahler cone, as := exp(27ri J 



The term corresponding to (3 — in (p.l|) yields the classical potential <f> Q (z) 



(1/6) f x 7 3 ; moreover, if we set 5 
Divisor Axiom (see 



10 



cj> GW (z) = ^(z) + 



y~)j—j ZjTj and e = 7 — S — ZqTq and apply the 
3.1]) we may rewrite (5.1) as 

E E ^<W(e>xp( 

n 0£H 2 (X,Z)-{O} ' J P 

Now, the homogeneity properties of the Gromov-Witten potential allow us to fur- 
ther simplify this expression in case X is a Calabi-Yau fourfold 



<j> Gw (z)=ci>r p {z) 



a=l/3eff 2 (A,Z)-{0} 



{h,i,p){T r+ a ) - 1 ■ n ( 



2771 r , ; 



•Ie T iqf>. 



Note that the above series depends linearly on z r +i, • ■ ■ , z r + s while the variables 
Z\, . . . , z r , appear only in exponential form. Hence, we can write 



,GW 



( z ) = < t ) Q UP ( z ) + E Z r+a4>hi z U 



. Z r ). 



a=l 
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with 0?(zi, ... ,z r ) = * a (e 



2-7riz r 



) . It follows from the Effectivity Axiom 

(see |10|, § 7.3]) that * Q (0) = 0. 

This construction motivates the following definition of an abstract potential 
function for graded, polarized, real Frobenius algebras of weight four. 

Definition 5.1. Let (V, *o,eo,£>) be a graded, polarized, real Frobenius alge- 
bra of weight four and let {To, . . . , T m } be an adapted basis as in Example 4.2 



Assume, moreover, that T%, . . . , T r are a framing of V. A potential on (V, *o, eo, B) 
is a function 



(5.2) 



(z) = <f) Q (z) + <p h (z) ; (j> h (z) = ^ Z r+a 4>1{Z\, ■■■ , Z r ) , 



where 4>o{z) is the classical potential associated with (V, *o> eo, B), (j>i (z\, . . . , z r ) = 
^ a (qi, . . . , q r ), qj — exp(2mzj), and ip a (q) are holomorphic functions in a neigh- 
borhood of the origin in C r such that ip a {Q) = 0. We will refer to <fin{z) as the 
quantum part of the potential. 



(5.3) 



Given a potential <j) we define a quantum product on V by 

d 3 cj) 

c=0 



T a *T b 



rpB 

dz a dz b dz c c 



where {Tq, . . . ,T%} denotes the £>-dual basis. Clearly, * is commutative and eo = 



To is still a unit. The quantum product is associative if and only if the potential 
satisfies the WDVV equations: 



<9 3 



<9 3 



<9 3 



<9 3 



y 

z - ' dzflzSzr+a dz k dzidz r+a z -' dz k dzjdz r+a dzidzidz r + a 



with i,j,k,l running from 1 to r. In view of (5.2) and (4.5) these equations are 
equivalent to (4.2) and 



s f) 2 rh a 



a 2 ^ a 2 <^ ) = 



o=l 



dzidzj dzidzj dzkdzi 



d 2 c 



a 2 ^ , 9 2 ^ 9 2 ^ 



a=l 



dzidzi dzjdzk 



), 



dzjdzk jfe dzidzi 
for all i,j,k,l= 1, . . . , r, and where P?- denotes the coefficients (4.6). 

Remark 5.2. For a classical potential the WDVV equations reduce to the 
algebraic relation (4.2). The Gromov-Witten potential (5.1) satisfies the WDVV 
~ Theorem 8.2.41). 



equations (see 
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We can now state and prove the main theorem of this section. 

Theorem 5.3. There is a one-to-one correspondence between 

• Associative quantum products on a framed Frobenius algebra of weight four. 

• Germs of polarized variations of Hodge structure of weight four for which the 
origin S C r is a maximally unipotent boundary point, and whose limiting 
mixed Hodge structure is of Hodge- Tate type. 
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This correspondence, which depends on the choice of an element corresponding to 
the unit, identifies the classical potential with the nilpotent orbit of the PVHS while 
the quantum part of the potential is equivalent to the holomorphic function T defined 
by (2.11) relative to a canonical basis. 

Proof. Let (V, *o, B, eo) be a graded, polarized, real Frobenius algebra of 
weight four. Let To, ... , T m be an adapted basis such that Ti, . . . ,T r is a fram- 
ing of V2 ■ Let TL C V2 be the tube domain 



n 



3=1 



Im(zj) > 0} 



We view Ti as the universal covering of ( A* ) r via the map (z%, . . . , z r ) > (qi, . . . , q r ), 
ffj = exp(2mzj). Let V denote the trivial bundle over (A*) r with fiber V and T p 
the trivial subbundle with fiber S a <8-2p ^o - 

Given a potential <j) and elements w G V2, v G V, the quantum product w * v 
may be thought of as a ^ -val ued fu ncti on on V. Let w* s v denote its restriction to 
TL. It follows easily from (5.2) and (4.5) that w* s v depends only on tft, . . . , q r and, 
therefore, it descends to a V- valued function on (A*) r , i.e. a section of V. This 
allows us to define a connection V on V by 



2-Kiqj 



(Tj * s v) , 



where in the left-hand side v represents the constant section defined by v G V. As 
shown in [1C, Proposition 8.5.2] the WDVV equations for the potential cf> imply 
that V is flat. 

We can compute explicitly the connection forms relative to the constant frame 
{Tq, . . . , T m }. We have, for j, I = 1, . . . , r and a = 1, . . . , s: 



(5.5) 



V a T 



V 



V _s_T r+a 



V_g_T r+s+ ; 

dqj 

V^T m 

dqj 




k=l 



1 



2niqj 
0, 



-SjiT m 



2m — (2Tnqi——) 
dqj dqi j 

„ d .„ 9V a x 
^"a - \ 2m 1k-R — ) 
dqj dq k 



Tr 



where the coefficients P" fc are defined as in ([D]). Note that these equations imply 
that the bundles T v satisfy the horizontality condition (2.1). Moreover, suppose 
we define a bilinear form Q on V as in (4.7) and extend it trivially to a form Q on 
V, then it is straightforward to check that 



Q(V_e_T ,T(,) 



Q(T a ,V^T 6 ) 

oqj 







for all j = 1, . . . , r and all a, 6 = 0, . . . , m. Hence the form Q is V-flat. 
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We may also deduce from (5.5) that V has a simple pole at the origin with 
residues 



Res 9 (V) 



1 

2ni 



, r, 



where llL. denotes multiplication by Tj relative to the constant product *o- It then 



follows from [12, Theoreme II. 1.1 7] that, written in terms of the (multivalued) V- 
fiat basis Tq, . . . , T^ n the matrix of the monodromy logarithms Nj coincides with the 
matrix of 2iri Res 9j= o(V) in the constant basis To, . . . , T m , i.e. with L^.. Because 
the operators L^,. are real, so is the monodromy exp(iVj) and therefore we can 
define a flat real structure Vr on V. 

Since T\, . . . , T r are a framing of the polarized Frobenius algebra (V, *o, 6, eo), 
it follows from (4.8) that the map 



6(qi, ...,q r ) = exp(V ZjNj) ■ F 



3=1 



is the period map of a VHS (a nilpotent orbit) in the bundle (V, Vr, V, Q). Since 
the bundles T v are already known to satisfy (|2.l|), we can apply Theorem ^6] to 
conclude that they define a polarized VHS on (V, Vr, V, Q). 

In order to complete the asymptotic description of the PVHS defined by T 
on V, we need to compute the holomorphic function T: A r — > g_. Because of 
Theorem 2.7, it suffices to determine the component r_i. Moreover, it follows 
from Proposition 3.5 that we may choose canonical coordinates (q±, . . . , q r ) on A r , 



so that, in terms of the basis Tq, . . 



, T m , T(q) has the form: 



(5.6) 



r(g) 
























-D*(q) 


C\q) 








* 




C{q) 






V * 




D{q) 
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Thus, T(q) is completely determined by the r x s-matrix C(q). 

On the other hand, as noted in ^(g) = exp T(q) ■ Fq is the expression of the 
Hodge bundles T v in terms of the canonical sections (|2.9D : 



(5.7) 



f{z) = exp(^ z.N,)-^ 
i=i 



The matrix exp(— T(q)), in the basis To, . . . , T m , is the matrix expressing the canon- 
ical sections To, ... , T m in terms of the constant frame. Therefore 



T r +a(q) — T r+a — 2^ Cka{q)T r +s+k — F> a (q)T„ 
fe=l 

and it suffices to compute T r+a (q) to determine C (and D). 
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It is straightforward to show, using the formulae (5.5), that 



rpO rp 

1 m ~ 1 m 



T r + s +i — T r +s+i — z(T rn 
t +a =T r+a -j2 d( - Pa + ^ T, _ , ! ! />" , ,;; )T rl 



1=1 



dzi 



Hence, to obtain T r+a (q) it suffices to apply (5.7), together with the fact that the 
matrix of A^- in the basis {T^} coincides with that of ^-multiplication by Tj relative 
to {T p }. Thus, Nj(T^) = and 



k=i 



This, together with the fact that P a is a homogeneous polynomial of degree 2, 
implies that 



3 = 1 



3,1=1 



Qpa 



r+s+l — Q z 1 r+s+l 

1=1 1 

Qpa 



Yl lh[( Tr+s+l ~ ZlTm) = 51 7)77 Tr+s + l ~ 2paTl 



i=i 



dzi 



and 



3 = 1 3 = 1 1 = 1 3 = 1 3 

Hence 

r 1 T 

Tr+a = T b r+a + (J2 z jNj)Tr +a + -(£ ZjNj^+a 



Thus, 



2 

3 = 1 3 = 1 

r dP a 

= T r+a + l^-Tr+s+l ~ + P ° T « 

1=1 " Zl 

= T r+a - ^2 -JT^Tr+s+l + (f'h.Tm- 

1=1 Zl 



G ka = and D a = -</> a h . 

dz k 

Conversely, suppose now that (V, Vr, V, Q) is a polarized VHS of weight 
four over (A*) r , that the origin is a maximally unipotent boundary point, and that 
the limiting MHS is of Hodge- Tate type. Let {Ni, . . . ,N r ; F} denote the associated 
nilpotent orbit and set V$-2p '■= I p,p ■ It follows from Proposition |4.4| that we can 
define a product *o, and a bilinear form B — as in (4.7) — turning (V,*o,B) into 
a polarized, real, graded Frobenius algebra with unit eo E Vq. This structure is 
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determined by the choice of unit and the fact that, relative to an adapted basis 
{T ,...,T m } as in Example 

r r 

(5.8) Nj(T r+a ) = B(Tj * T r+a , Tfc) T r+s+k = ^ Pfk T r + s +k , 

fc=i fe=i 
j = 1, . . . , r, a = 1, . . . , s, and P" fc are the coefficients ( |4.6| ) of the associated classical 
potential 4>q. 

We have already noted that in canonical coordinates, the holomorphic function 
r associated with the PVHS takes on the special form (|5.6|) . Moreover, since T(q) 
satisfies the differential equation (2.14), we have from (2.17) that 

dG-2 = r_i9 - er_i + r_idr_i 

for = d(J2 r j=i z jNj). Consequently, 



(5.9) d(D a ) = -Y,Ckadz k . 

fc=i 

We now define a potential on V by 

s 

(5.10) 4>{z) := Mz)-J2*r+ a D a (q). 

a=l 

Since we already know that the classical pot ential <fio satisfies (4.2), the WDVV 
equations for $ reduce to t he equations ( |5.4| ). But t his is a consequence of the 
integrability condition ([2.14 ); indeed, note that given (5.8), if we let 3 = (£fc a ) be 
the r x s-matrix of one forms 



the equation (2.14) reduces to 
(5.11) 



3=1 



SAS* 







which, in view of (p.9\j and (5.10), is easily seen to be equivalent to (5.4). 



□ 



Remark 5.4. Note that (5.11) expresses the WDVV equations in a very com- 
pact form. Also, note that even though the quantum product is defined in terms of 
third derivatives of 0, one recovers the full potential <fr from the PVHS. Since ( |5.3| ) 
only allows for an ambiguity which is, at most, quadratic in z, the quantum part 
4>h is uniquely determined. 
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